The gauge invariant definition of the spin dependent gluon distribution function from first principle is necessary to study the proton spin crisis at high energy colliders. In this paper we derive the gauge invariant Noether's theorem in Yang-Mills theory by using combined Lorentz transformation plus local non-abelian gauge transformation. We find that the definition of the gauge invariant spin (or orbital) angular momentum of the Yang-Mills field does not exist in Yang-Mills theory although the definition of the gauge invariant spin (or orbital) angular momentum of the quark exists. We show that the gauge invariant definition of the spin angular momentum of the YangMills field in the literature is not correct because of the non-vanishing boundary surface term in Yang-Mills theory. We also find that the Belinfante-Rosenfeld tensor in Yang-Mills theory is not required to obtain the symmetric and gauge invariant energy-momentum tensor of the quark and the Yang-Mills field.
I. INTRODUCTION
The naive parton model predicted that the spin 1 2 of the proton can be obtained from the spin of the quarks inside the proton [1, 2] . This prediction from the naive parton model was ruled out after the EMC collaboration [3] observed that the spin of the quarks plus the spin of the antiquarks inside the proton contributes to a very small fraction of the spin 1 2 of the proton. This disagreement between the naive parton model prediction and the experimental finding is known as the proton spin crisis.
The proton spin crisis is still an unsolved problem in particle physics because, at present, all the combined experimental data [4] [5] [6] [7] predicts that the spin of the quarks inside the proton plus the spin of the antiquarks inside the proton plus the spin of the gluons inside the proton contributes to about 50% of the spin 1 2 of the proton [8] . The rest of the proton spin may come from other sources such as from the orbital angular momentum of the quarks inside the proton plus the orbital angular momentum of the antiquarks inside the proton and from the orbital angular momentum of the gluons inside the proton [1, 2] .
In the parton model the sum of the spin S q of the quarks inside the proton and the spin 
where ∆q(x), ∆q(x), ∆g(x) are experimentally measured polarized quark, antiquark, gluon distribution functions respectively inside the proton. In eq. (1) the longitudinal momentum fraction of the parton with respect to the proton is given by x.
As mentioned above all the combined experimental data [4] [5] [6] [7] predicts [8] 
which implies that about 50% of the proton spin is still missing. To remedy this situation it is suggested in the parton model that [1, 2] 
where L q is the orbital angular momentum of the quarks inside the proton, Lq is the orbital angular momentum of the antiquarks inside the proton and L g is the orbital angular momentum of the gluons inside the proton.
Since the spin of the proton is a physical observable one finds from eq. (3) that the S q + Sq + S g + L q + Lq + L g should be gauge invariant. In addition to this, since the polarized parton distribution functions ∆q(x), ∆q(x), ∆g(x) are experimentally measured [4] [5] [6] [7] one expects from eq. (1) that S q , Sq, S g should be gauge invariant.
Note that the definition of the polarized gluon distribution function ∆g(x) in the parton model in the literature [2, 9] only corresponds to the definition of the spin angular momentum of the gluon in the light-cone gauge but it does not correspond to the definition of the spin angular momentum of the gluon in any other gauge. Since the polarized gluon distribution function inside the proton is an universal quantity in QCD it should be same in any gauge.
This implies that the correct definition of the gauge invariant polarized gluon distribution function inside the proton in QCD from the first principle is missing.
In addition to this, there is a lot of confusion in the literature about the gauge invariant definition of the spin angular momentum of the gluon and about the gauge non-invariant definition of the spin angular momentum of the gluon, see for example, [2, [10] [11] [12] [13] . Hence, in order to study the proton spin crisis, it is necessary to derive the gauge invariant definition of the angular momentum of the quark and the gauge invariant definition of the angular momentum of the gluon from the first principle.
The first principle method to study conservation of angular momentum in physics is via Noether's theorem by using Lorentz transformation. However, in gauge theory the correct definition of the gauge invariant angular momentum can not be obtained from the Noether's theorem by using Lorentz transformation alone. This is because, in addition to the Lorentz transformation one must also use the local gauge transformation to derive the gauge invariant
Noether's theorem in gauge theory to obtain the gauge invariant definition of the angular momentum from the first principle.
Recently we have derived the gauge invariant Noether's theorem in the Dirac-Maxwell theory in [15] and have obtained the correct gauge invariant definition of the angular momentum of the electron and the electromagnetic field. We have shown in [15] that the notion of the gauge invariant definition of the spin angular momentum of the electromagnetic field does not exists and the notion of the gauge invariant definition of the orbital angular momentum of the electromagnetic field does not exists in the Dirac-Maxwell theory. We have also shown that the gauge invariant definition of the spin angular momentum of the electromagnetic field in the literature [2, [10] [11] [12] [13] is not correct because of the non-vanishing boundary surface term in the Dirac-Maxwell theory [15] .
In this paper we will extend this to Yang-Mills theory. We will derive the gauge invariant 
II. LORENTZ TRANSFORMATION AND GAUGE NON-INVARIANT NOETHER'S THEOREM IN YANG-MILLS THEORY
In this section we will briefly review the gauge non-invariant Noether's theorem in YangMills theory which is derived by using Lorentz transformation. Although this is well known in the literature but we will briefly review it here because we will compare it with the gauge invariant Noether's theorem in Yang-Mills theory derived in this paper by using the combined Lorentz transformation plus local non-abelian gauge transformation.
The lagrangian density of the Yang-Mills field is given by
where A 
Similarly under infinitesimal Lorentz transformation the functional differential δA
which is not gauge covariant. Using Euler-Lagrangian equation one finds that the Noether's theorem of the Yang-Mills field in Yang-Mills theory derived by using Lorentz transformation is given by
which is not gauge invariant because δA b ν (x) in eq. (6) is not gauge covariant. In eq. (7) the gauge invariant L(x) and the gauge covariant Under space-time translation we find from eq. (7) the continuity equation
where
is the energy-momentum tensor of the Yang-Mills field which is not gauge invariant. In eq.
(9) the covariant derivative D bc ν [A] in the adjoint representation of SU (3) is given by Under rotation we find from eq. (7) the continuity equation
is the angular momentum tensor of the Yang-Mills field which is not gauge invariant where
The gauge non-invariant spin angular momentum tensor S νλ (x) of the Yang-Mills field from eq. (12) is given by
which gives the gauge non-invariant spin angular momentum S g of the Yang-Mills field
where E b (x) is the chromo-electric field which is gauge covariant and A b (x) is the Yang-Mills vector potential which is not gauge invariant.
The gauge non-invariant orbital angular momentum tensor L νλ (x) of the Yang-Mills field from eq. (12) is given by
where T νλ (x) is given by eq. (9) (10) in (9) we find
Using eq. (16) in (15) we find that the gauge non-invariant definition of the orbital angular momentum of the Yang-Mills field obtained from the gauge non-invariant Noether's theorem in Yang-Mills theory by using Lorentz transformation alone is given by
C. Gauge Non-Invariant Energy-Momentum Tensor of Quark in Yang-Mills Theory From Gauge Non-Invariant Noether's Theorem
In Yang-Mills theory the lagrangian density L(x) of quark is given by
where ψ i (x) is the Dirac field of the quark with color index i = 1, 2, 3. Note that the suppression of the color index i of the Dirac field ψ i (x) of the quark is understood in this paper. Under infinitesimal Lorentz transformation the functional differential δψ(x) of the quark field ψ(x) is given by
Using Euler-Lagrangian equation one finds that the Noether's theorem of the quark field in
Yang-Mills theory derived by using Lorentz transformation is given by
which is not gauge invariant because δψ(x) and δψ(x) in eq. (19) are not gauge covariant.
Under translation we find from eq. (21) the continuity equation
is the energy-momentum tensor of the quark in Yang-Mills theory which is not gauge invariant.
D. Gauge Non-Invariant Orbital Angular Momentum of Quark in Yang-Mills
Theory From Gauge Non-Invariant Noether's Theorem
Under rotation we find from eq. (21) the continuity equation
is the angular momentum tensor of the quark in Yang-Mills theory which is not gauge invariant where T νλ (x) is given by eq. (23) and
From eqs. (25) and (26) we find that the gauge invariant definition of the spin angular momentum of the quark obtained from the gauge non-invariant Noether's theorem in YangMills theory by using Lorentz transformation alone is given by
Similarly from eqs. (25) and (23) we find that the gauge non-invariant definition of the orbital angular momentum of the quark obtained from the gauge non-invariant Noether's theorem in Yang-Mills theory by using Lorentz transformation alone is given by
Note that even if we started with the gauge invariant lagrangian density of the quark in eq. (18) will obtain the gauge invariant definition of the angular momentum of the quark, see eq.
(76).
E. Gauge Invariant Angular Momentum of Quark Plus Yang-Mills Field and Lorentz Transformation in Yang-Mills Theory
In the Yang-Mills theory the Lagrangian density L(x) of the quark plus the Yang-Mills field is given by
Using Euler-Lagrangian equation one finds that the Noether's theorem of the quark and Yang-Mills field in Yang-Mills theory derived by using Lorentz transformation is given by
where the lagrangian density L(x) is given by eq. (29).
Under translation we find from eq. (30) the equation
which gives
Note from eq. (4) that F b νλ (x) is antisymmetric in ν ↔ λ. Hence we find from eq. (32)
The Yang-Mills field equation in the presence of quark is given by [14] 
Hence from eqs. (33) and (34) we find the continuity equation
is the gauge invariant energy-momentum tensor of the quark plus the Yang-Mills field in
Yang-Mills theory which is gauge invariant.
Under rotation we find from eq. (30) the equation
From eq. (4) we find that F b νλ (x) is antisymmetric in ν ↔ λ. Hence we find
Using eq. (38) in (37) we find
Using eq. (34) in (39) we find the continuity equation
is the gauge invariant angular momentum tensor of the quark plus the Yang-Mills field where the gauge invariants S νλδ (x) and T νλ (x) are given by eqs. (26) and (36) respectively.
From eq. (41) we find that the gauge invariant angular momentum of the quark plus the Yang-Mills field in the Yang-Mills theory is given by
which is gauge invariant where D jk ν [A] is the covariant derivative in the fundamental representation of SU (3) group as given by
It is useful to mention here that the T νλ (x) of the Yang-Mills field in eq. (9) is not gauge invariant. Similarly the T νλ (x) of the quark in eq. (23) is not gauge invariant. However, the T µν (x) of the quark plus the Yang-Mills field in eq. (36) is gauge invariant because (9) and the gauge non-invariant (23) combine to give the gauge invariant part (36) [see eqs. (33) - (36) for details]. Note that
[see eq. (98) 
where f abc is the structure constant in the adjoint representation of SU (3) 
The Lorentz transformation the Yang-Mills potential A b ν (x) is given by
and the Lorentz transformation of the Yang-Mills field tensor F b νλ (x) is given by
Since the 
The functional differential δA
Using eq. (49) in (50) and keeping terms up to order δ we find
where the covariant derivative D 
B.
Derivation of Gauge Invariant Noether's Theorem in Yang-Mills Theory
As mentioned earlier, the Noether's theorem equation in eq. (7) is not gauge invariant because the functional differential δA b ν (x) as given by eq. (6) is not gauge covariant when the Lorentz transformation is used alone. However, when the combined Lorentz transformation plus local gauge transformation is used then it is possible to obtain the gauge covariant functional differential δA b ν (x). For δA n ν (x) to be gauge covariant we must have
Hence from eqs. (51), (53) and (52) we find
which by using eq. (45) and (46) gives
which has a simple solution
which agrees with [16, 17] . From eqs. (56) and (51) we find
which is gauge covariant.
Hence by using eq. (57) in (7) we find Under space-time translation we find from eq. (58) the continuity equation
is the gauge invariant energy-momentum tensor of the Yang-Mills field in Yang-Mills theory.
In eq. (60) the non-abelian Yang-Mills field tensor F b νλ (x) is given by eq. (4). Note that the gauge invariant energy-momentum tensor T νλ (x) of the Yang-Mills field in eq. (60) is also symmetric. Hence we find that the Belinfante tensor is not necessary to make the energy-momentum tensor of the Yang-Mills field in eq. (60) Under rotation we find from eq. (58)
where the gauge invariant and symmetric energy-momentum tensor T νλ (x) of the Yang-Mills field in Yang-Mills theory is given by eq. (60). Note that ǫ νλ is antisymmetric, i. e.,
Hence using eq. (62) in (61) we find the continuity equation
is the angular momentum tensor of the Yang-Mills field which is gauge invariant because
From eq. (64) we find that the gauge invariant definition of the angular momentum of the Yang-Mills field obtained from the gauge invariant Noether's theorem by using combined Lorentz transformation plus non-abelian local gauge transformation in the Yang-Mills theory is given by
IV. GAUGE INVARIANT NOETHER'S THEOREM OF QUARK IN YANG-MILLS THEORY
In the previous section we have derived the gauge invariant Noether's theorem of YangMills field by using combined Lorentz transformation plus local non-abelian gauge transformation in Yang-Mills theory and have obtained the gauge invariant definition of the angular momentum of the Yang-Mills field. In this section we will extend this to quark in Yang-Mills theory, i. e., we will derive the gauge invariant Noether's theorem of the quark by using combined Lorentz transformation plus local non-abelian gauge transformation in Yang-Mills theory and will obtain the gauge invariant definition of the angular momentum of the quark.
A.
Combined Lorentz Transformation Plus Local Non-Abelian Gauge Transformation of Dirac Field of Quark in Yang-Mills Theory
The lagrangian density L(x) of the quark in the Yang-Mills theory is given by eq. (18) .
The functional differential δψ(x) of the Dirac spinor ψ(x) of the quark in Yang-Mills theory is given by
The infinitesimal local non-abelian gauge transformation of the Dirac field ψ(x) of the quark is given by
The lagrangian density L(x) of the quark in the Yang-Mills theory in eq. (18) (45) and (67) respectively.
Since the lagrangian density L(x) of the quark in the Yang-Mills theory in eq. (18) is gauge invariant we find from eq. (49) that the combined Lorentz transformation plus local non-abelian gauge transformation of the Dirac field ψ(x) of the quark in Yang-Mills theory is given by (56) and (66) we find
Hence by using eqs. (69) in (21) we find that the gauge invariant Noether's theorem of quark in Yang-Mills theory under combined Lorentz transformation plus local non-abelian gauge transformation is given by
where S µνλ (x) is given by eq. (26) which is gauge invariant.
C. Gauge Invariant Energy-Momentum Tensor of Quark From Gauge Invariant
Noether's Theorem in Yang-Mills Theory
Under translation we find from eq. (70) the continuity equation
is the energy-momentum tensor of the quark in Yang-Mills theory which is gauge invariant.
From eq. (72) we find that the gauge invariant definition of the energy-momentum tensor T νλ (x) of the quark in Yang-Mills theory is obtained from the gauge invariant Noether's theorem by using combined Lorentz transformation plus local non-abelian gauge transformation.
D. Gauge Invariant Angular Momentum of Quark From Gauge Invariant
Under rotation we find from eq. (70) the continuity equation
is the gauge invariant angular momentum tensor of the quark in Yang-Mills theory where the gauge invariants S νλδ (x) and T νλ (x) are given by eqs. (26) and (72) respectively.
From eq. (74) we find that the gauge invariant definition of the spin angular momentum of the quark in Yang-Mills theory is given by
and the gauge invariant definition of the orbital angular momentum of the quark in YangMills theory is given by
is the covariant derivative in the fundamental representation of SU (3) group as given by eq. (43).
Hence we find that, unlike the gauge non-invariant orbital angular momentum L non−inv q in eq. (28) Hence by using eqs. (57) and (69) in eq. (30) we find that the gauge invariant Noether's theorem of the quark plus the Yang-Mills field in Yang-Mills theory is given by
where the gauge invariant lagrangian density L(x) of the quark plus the Yang-Mills field is given by eq. (29).
A. Gauge Invariant Energy-Momentum Tensor of Quark Plus Yang-Mills Field From Gauge Invariant Noether's Theorem in Yang-Mills Theory
Under translation we find from eq. (77) the continuity equation
is the energy-momentum tensor of the quark plus the Yang-Mills field in Yang-Mills theory which is gauge invariant. Under rotation we find from eq. (77) the continuity equation
which is the gauge invariant angular momentum tensor of the quark plus the Yang-Mills field in Yang-Mills theory where the gauge invariants S νλδ (x) and T νλ (x) are given by eqs.
(26) and (79) respectively.
From eq. (81) we find that the gauge invariant definition of the angular momentum of the quark plus the Yang-Mills field in the Yang-Mills theory is given by
where J g is the gauge invariant angular momentum of the Yang-Mills field as given by eq. Noether's theorem by using combined Lorentz transformation plus local non-abelian gauge transformation.
VI.
SYMMETRIC AND GAUGE INVARIANT ENERGY-MOMENTUM TEN-SOR OF QUARK PLUS YANG-MILLS FIELD IN YANG-MILLS THEORY WITH-OUT BELINFANTE-ROSENFELD TENSOR
Note that the energy momentum-tensor T νλ (x) of the quark plus the Yang-Mills field in eq. (79) in Yang-Mills theory is gauge invariant but is not symmetric. First of all note from eqs. (80) and (81) that
which implies that the gauge invariant energy-momentum tensor T νλ (x) of the quark plus the Yang-Mills field in eq. (79) in Yang-Mills theory is not required to be symmetric to obtain the continuity equation of the 3-rd rank total angular momentum momentum tensor J νλδ (x) of the quark plus the Yang-Mills field in Yang-Mills theory.
implies that
By writing eq. (78) as
and then utilizing eqs. (86), (88) and (79) in eq. (89) we find the continuity equation
where T µν S (x) is the symmetric and gauge invariant energy-momentum tensor of the quark plus the Yang-Mills field in Yang-Mills theory which is given by
From eq. (91) we find
which shows that the symmetric and gauge invariant energy-momentum tensor T νλ S (x) of the the quark plus the Yang-Mills field in Yang-Mills theory in eq. (91) can be obtained from the gauge invariant Noether's theorem by using combined Lorentz transformation plus local non-abelian gauge transformation without requiring Belinfante-Rosenfeld tensor.
Hence we find from eqs. (91) and (92) 
VIII. CONCLUSIONS
The gauge invariant definition of the spin dependent gluon distribution function from first principle is necessary to study the proton spin crisis at high energy colliders. In this paper we have derived the gauge invariant Noether's theorem in Yang-Mills theory by using combined Lorentz transformation plus local non-abelian gauge transformation. We have found that the definition of the gauge invariant spin (or orbital) angular momentum of the Yang-Mills field does not exist in Yang-Mills theory although the definition of the gauge invariant spin (or orbital) angular momentum of the quark exists.
We have shown that the gauge invariant definition of the spin angular momentum of the Yang-Mills field in the literature [2, [10] [11] [12] [13] is not correct because of the non-vanishing boundary surface term in Yang-Mills theory. We have also found that the Belinfante-Rosenfeld tensor in Yang-Mills theory is not required to obtain the symmetric and gauge invariant energy-momentum tensor of the quark and the Yang-Mills field.
Note that in addition to heavy-ion collisions at RHIC to study quark-gluon plasma [20] [21] [22] the RHIC experiment involves polarized proton-proton collisions at high energy to study proton spin physics [5, 6] and to extract spin dependent gluon distribution function inside the proton. From this point of view the study of the gauge invariant definition of the spin dependent gluon distribution function at high energy coliders is necessary, especially when we have shown in this paper that we do not have a gauge invariant definition of the spin dependent gluon distribution function inside the proton in QCD at high energy colliders from the first principle.
